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Instability of Accelerated Boundary
Layers Induced by Surface Suction

P. J. D. Roberts* and J. M. Floryan'
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Accelerated boundary layers are considered to be stable for practical purposes. It is shown that small suction
nonuniformitiescan induce aninstability that results in the generation of streamwise vortices. Addition of a uniform
suction is not effective in controlling this instability. It is shown that nonuniformities of surface blowingmightinduce
a similar instability and that the characteristics of this instability are also little affected by the magnitude of the
blowing. The same nonuniformities appear to have a small effect on the traveling (Tollmien-Schlichting) wave
instability in the range of parameters studied. It is shown that oblique waves become dominant if the amplitudes

of the nonuniformities become large enough.

Nomenclature
A = coefficient matrix [Eq. (10)]
c, = arbitrary constants [Eq. (7)]
D =d/dy = derivative operator
F = similarity function in the

Falkner-Skan equation
disturbance amplitude field

G, =[g", gm, g™

M = number of Fourier modes

N = number of Chebyshev polynomials
Re = Reynolds number

Re; = suction Reynolds number

S = amplitude of suction nonuniformity
ty, K, T, S0 = elements of the linear stability
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operator used in Egs. (20) and
defined in the Appendix

= velocity at boundary-layeredge

A A

Uy, v = flow modification amplitude
functions

U = amplitude function of the
disturbance velocity field [Eq. (17)]

v = total velocity field in the stability
analysis

v = (U, Wy, Vo), Po = reference flow velocity and pressure
fields

velocity and pressure modifications
caused by wall suction

v = (u1,0,v)), py =

Uy, P2 = mean modified flow and pressure
fields

U3 = disturbance velocity field

ws = amplitude function of the
disturbance velocity field [Eq. (18)]

x = position vector (x, z, y)

Y = wall-normal coordinate in the
transformed (computational) domain

y = wall-normal coordinate made
dimensionless with §*

Yedge = edge of boundary layer
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transformation parameter required
in the numerical solution

(see Secs. I and IT1.B)

derivatives of ® (see Sec. IT)
streamwise wave number of flow
disturbance and/or wall suction
pressure gradient parameter in the
Falkner-Skan equation

suction parameter in the
Falkner-Skan equation

Floquet exponent

= dimensional displacement thickness
similarity variable in the
Falkner-Skan equation

roots of characteristicequation in the
solution describing flow
modifications outside boundary layer
spanwise wave number of flow
disturbance

complex amplification rate

stream function amplitude function
[Eq. ()]

= stream function of the mean
modified flow [Eq. (5)]

total vorticity field in the stability
analysis

vorticity field of the modified mean
flow

disturbance vorticity field
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Subscript

*®

dimensional quantities

I. Introduction

HE laminar-turbulenttransition process in boundary layers re-
sults from the growth of small disturbances. This growth is de-
scribed by the classical linearized operator and can have two forms.
The asymptotic growth (as t — 00) is described by the eigenvalues
of this operator. The flow is considered stable if there are no un-
stable eigenvalues. Even if all eigenvalues are stable, disturbances
can be subject to an initial growth, so-called transient growth, as
a result of the interdependence of various linear modes associated
with the nonnormality of the operator. The transient growth might
be sufficient to bring disturbancesto the level where they can trigger
a bypasstransition. Although these issues are well understoodin the
case of ideal, parallel flows,' very little is known about them even
in the case of slightly different flows.
The asymptotic instability in boundary layers has the form of
traveling wave instability. The critical disturbances have the form
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Fig. 1 Neutral stability curves describing the traveling wave (TS) in-
stability in the Blasius as well as in the Falkner-Skan boundary layers
with pressure gradient corresponding to 3 = 5 and with three levels of
suction corresponding to v=— 0.4, 0, +0.4.

of two-dimensionalwaves travelingin the downstreamdirectionand
are frequently referred to as the Tollmien-Schlichting (TS) waves.
In the case of the Blasius boundary layer, these waves begin to grow
when the Reynolds number based on the displacement thickness
reachesa value of about 520. Reed et al.? provide a good description
of the various processes associated with this instability. It is known
thatboundary layers with favorable pressure gradients, such as those
exemplified by the Falkner-Skan flows, are much more stable. Re-
sults shown in Fig. 1 demonstrate that the critical Reynolds number
increases from Re., ~ 520 to about Re., &2 x 10* as the Falkner-
Skan pressure-gradientparameter increases from g =0 to 5.

As a result, these boundary layers rarely attract attention when
consideringlaminar airfoil designs but are nevertheless very impor-
tant as they describe flow conditions close to the leading edge of an
airfoil. If such flows cannot be kept stable, it is not likely that the
flow farther downstream can be kept laminar.

Transientgrowthin boundarylayershas attracteda lot of attention
more recently>* The available results indicate that the most signif-
icant growth is associated with streamwise vortices. This growth is
reduced by applying favorable pressure gradientas compared to the
boundary layer with a constant pressure >

Boundary layers close to the leading edge are very thin, and thus
very small surface corrugation (surface roughness) can significantly
alter their stability properties. The area around the leading edge of
an airfoil cannot be kept perfectly smooth in real operating condi-
tions, and thus one must look for methods of flow stabilization that
can balance the effect of surface corrugations. Surface suction is an
accepted tool for flow stabilization and has been used for decades
in the aerospace industry. The best known stabilization mechanism
involves modifications of the mean velocity distribution through
application of uniform suction. Such suction leads to the reduction
of the growth rates of the TS waves.” In the case of a highly ac-
celerated boundary layer, such as in the case of g =35, the critical
Reynolds number changes from Re., = 1.75 x 10* in the presence
of fairly strong blowing correspondingto Falkner-Skan suction pa-
rametery = 0.4 to Re,, =2.11 x 10* in the presence of fairly strong
suction with y = —0.4, as illustrated by the results shown in Fig. 1.
Cathalifaudand Luchini® demonstrated that suction can also be used
to minimize transient growth of disturbances.

The wave subtraction principle’ represents an alternative flow
stabilization technique. It involves suction in the form of a prop-
erly selected traveling wave that “cancels” the undesired TS wave.
This mechanism has not been investigatedin the case of accelerated
boundary layers. Although the introduction of suction waves can
lead to the reduction/limination of undesired disturbances, it can
also lead to the creation of new instabilities.!°

In practice, uniform suction is impossible to achieve,'! and thus
one must determine the boundariesfor the acceptablelevel of suction
nonuniformities. It might be necessary to increase the average level
of suction in order to compensate for the potentially undesirable
effects of such nonuniformities.

Nonuniform surface suction can be introduced intentionally as a
nonintrusivemethod for flow control. In this case one is interestedin
identifyingthe optimal properties of suction distribution (that is, the
form of the “smallest” suction that produces the “largest” changes
in the flow). A very large range of flow responses can be achieved

by taking advantage of the near-resonant and/or forced types of
responses.'> A properly selected suction might also force the flow
system through the stability limit, if such a limit exists, opening a
new range of opportunities for flow manipulation.'’

Distributed surface suction can be viewed as an analog of dis-
tributed surface roughness. It has been shown in the case of channel
flow that the flow instability caused by such suctionis qualitatively
similar to flow instabilitiescaused by surface corrugation.'”-!* Anal-
ysis of stability of accelerated boundary layers modified by nonuni-
form surface suction can thus offer an insight into dynamics of
accelerated boundary layers over corrugated surfaces, such as those
found near the leading edge of airfoils.

Floryan'* considered the boundary layer with constant pressure
and was able to show that infinitesimally small suction nonunifor-
mities can interfere with the TS waves only if they contain suction
waves with the same or nearly the same wave number and phase
speed as the neutral TS waves. Roberts et al.'> considered small but
finite suctionnonuniformitiesand were able to demonstratethatsuch
nonuniformitiescan induce an instability that leads to the formation
of streamwise vortices. The present paper describes extension of
the latter analysis to the case of accelerated boundary layers. The
focusis on the asymptoticinstability (that is, as t — 00), the normal
modes approachis used, and the problem is posed as an eigenvalue
problem.

This paper is organized as follows. Section II describes the ref-
erence flow: two-dimensional self-similar boundary layer modified
by suction nonuniformity. The boundary layer with pressure pa-
rameter § =5 has been selected for detailed analysis to underscore
the fact that an instability can occur even in boundary layers with
a very strong favorable pressure gradient. Section III is devoted to
the analysis of stability of the boundary layer modified by suction.
Section IV gives a summary of the main conclusions.

II. Boundary Layer Modified by Nonuniform
Suction/Blowing
Consider flow over a semi-infinite flat plate overlapping with
the positive x axis, as shown in Fig. 2. In the absence of suction
nonuniformities, the fluid motion is described by

_ dF _
Ug(x, t):(u07w07 vO): (_707 0)7 PO(x7t):p0(x)

dn
(1)

where the function F' is described by the Falkner-Skan equationin
the form

OF  pSF @ ) (EF 1,
dn3 dn? ydnz -

dF dF
F=—=0 a n=0,
n dn

In the preceding, positive B corresponds to the favorable pressure
gradient and negative (positive) y describes the wall suction (blow-
ing). The effects of boundary-layer growth are neglected. There is
experimental evidence suggesting that these effects are not impor-
tant except in the case of high-frequency disturbances.'® Figure 3
illustrates distributions of uy(y) for the Blasius boundary layer as
well as for accelerated boundary layer with g =5 for three levels
of suction/blowing (for example, y = —0.4, 0, +-0.4). The distance
normal to the plate y is scaled using the displacement thickness §*

— Po(x)

— = z -

Fig.2 Sketch of the flow domain.
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Fig.3 Distribution of the streamwise velocity component u((y) in the
Falkner-Skan boundary layer with pressure gradient corresponding to
3 =5 and with three levels of suction corresponding to v =— 0.4,0, +0.4.
Velocity distribution of Blasius boundary layer (3 =0, v =0) is given for

reference purposes.
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We shall use displacement thickness §* as the length scale in the
rest of this paper.
At the wall we apply periodic suction in the form

v(x, z,0) = Scos(ax) = 1S + CC (3)

defined as

where S is real, CC stands for the complex conjugate, and i de-
notes the imaginary unit. Because the analysis shall be limited to
small suction amplitudes, the suction distribution [Eq. (3)] can be
viewed as representinga typical Fourier mode in an arbitrary suction
distribution that does not result in a net mass flux.

The mean modified flowfield can be represented as

52(1) = B (0) + 1 () = [0(y), 0. 0] + [1 (x. ), 0, v, (x, )]
p2(X) = po(x) + pi(x,y) )
where the wall-normal velocity component of the unmodified flow
has been neglected. Substituting Eq. (4) into the two-dimensional
Navier-Stokes and continuity equations, eliminating pressure, lin-
earizing the resulting equations for small suction amplitudes S,
subtracting the undisturbed flow quantities, introducing a stream

function in the form u, = dvy/dy, vi = —3y/dx, and assuming the
solution to be in the form

w(x7y):q>(y)eiax+cc7 M](X,y):ﬁl(y)eio‘x_f_cc
vi(x, y) = 0y (y)e’™* +CC 5)

leads to the following problem to be solved numerically:
D*® + (—2a* — iaReu,) D*®

+ (a4 +ia’Reuy + iaDzuo)d> =0 (6a)
iS

= —, D® =0 at y=0 (6b)
2a

d — 0, D® — 0 as y — 00 (6¢)

In the preceding, Re stands for Reynolds number based on the dis-
placement thickness and D =d /dy. A linear model of flow modifi-
cationsis sufficient for suction amplitudes capable of inducing flow
instability.!” Assumption (5) is consistent with the assumed form of
the wall suction [for example, with Eq. (3)].

The rate at which flow modifications decay as y — oo can be de-
ducedby noting thatu, becomes constantas y — oo and coefficients
inEq. (6a) become constant. The solution outsidethe boundarylayer

takes the form
n=4
o= ¢ ()

n=1

)\2:\/()[2+iR€()l, )»3:—)»1, )\4:—)»2

®)

)»1 =,

Because real parts of A, are positive, the constants ¢; » must be
zero in order for flow modifications to vanish far away from the
wall.

The problemhas been solved using two methods. The first method
takes advantage of the availability of an analytical solution (7) out-
side the boundary layer. Equation (6a) is rewritten as a system of
first-order equationsin the form

DZ] = Zz, DZZ = Z3, DZ3 = Z4
DZ, = 2u> +iaRe)Zy — (a* +ia’Re)Z, 9)
where Z, = ®. Solution of Eq. (9) is written as
k=4
Z, =Y Ance®, A= (10)

k=1
and boundary conditions corresponding to Eq. (6¢) are posed as

AZlz, =0,

nk “n

n=1,2 at Y = Yedge (1)

where yeqee is sufficiently large so that approximation (9) of the
original problem (6a) is valid. The actual value of y.q, has to be
selectedthroughnumerical experimentationand dependsof the form
of the undisturbed boundary layer (that is, it depends on the values
y ). At the wall the relevant boundary conditions have the form

Z, =iS/)2a, Z,=0 at y=0 (12)

Equation (6a) hasbeenintegratednumericallybetween y = yeq,. and
y =0 using a standard integrator. This approach provides a better
control of numerical accuracy than the method based on mapping
discussed next. Unfortunately, it cannot be easily extended to the
stability analysis of the modified flow where the analytical solution
outside the boundary layer is not readily available.

The second method involves mapping of the half-infinite do-
main y €[0, oo] onto a strip ¥ € [0, 1] using the transformation
Y = exp(—y/yo). The transformedequationsare discretizedusing a
spectral ChebyshevTau method. The method is similarto the one de-
scribed by Casalis,!” and its detailed descriptionis omitted from this
presentation. Typically, N = 80 Chebyshev polynomials are used in
the computations. Parameter Y, is used to control the density of the
collocation points in the neighborhoodof the wall. Variation of this
parameter from y, =4 to 40 results in the reduction of the number
of points placed inside the displacement thickness from about 50%
to about 25%. Correct selection of y, requires extensive testing be-
causethe characterof the solutionchanges very rapidly as a function
of flow parameters and especially as a function of the wave number
« (Figs. 4 and 5). When « is small, the gradientsinside the boundary
layer are fairly small, and the flow modifications extend far beyond
the boundary layer. As a result, a fairly small number of points in-
side the boundary layer is sufficient, but a larger number of points
is required outside the boundary layer. For high values of «, flow
modifications are concentratedinside the boundary layer and decay
rapidly outside. As a result, one needs to place larger number of
points inside the boundary layer. Leaving too many points outside
the boundary layer leads to a near singular matrix and problems
with the roundoff error. Comparisons of both methods as well as
systematic studies of the effects of N and y, permit us to establish
the correct values of the mapping parameter y, (see Sec. III.B for
details).

III. Linear Stability of the Modified Flow

This section considers the linear stability of boundary-layerflow
modified by nonuniformwall suction. Because of the assumed mag-
nitude of the suction nonuniformities, the flow modifications in-
duced by the suction form a part of the basic state. The basic state is
no longer parallel; it has a spatial structure that has to be accounted
for. The linear stability of this basic state is considered next.
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Fig.4 Variation of the flow modifications induced by periodic suction
with the wave number « = 0.5 as a function of the Reynolds number for
the Falkner-Skan boundary layer with 3=5 and v =0: a) &t;(y) and b)

91(y); —— and - - -, imaginary and real parts, respectively. All results
are normalized with S=1.
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Fig. 5 Variation of the flow modifications induced by periodic suc-
tion as a function of the suction wave number « for the Falkner-Skan
boundarylayer with 3 = 5 and ~ = 0 and with Reynoldsnumber Re = 10%:
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A. Problem Formulation
Problem formulation is analogous to the one given in Ref. 10.
The following presentationis limited to a shortoutline. The analysis

begins with the governingequationsin the formof vorticity transport
and continuity equations:

0w 1

a_‘t" — @ Vo + @ V)d = EV% (13a)
V-2=0 (13b)
J) =V x l_) (130)

Unsteady, three-dimensionaldisturbances are superimposed on the
mean part in the form

w=m(x,y)+w3(x,2z,y,1), v="0y(x,y) +03(x,2, ¥, 1)

(14)

where subscripts 2 and 3 refer to the mean flow and the disturbance
field, respectively. The assumed form [Eq. (14)] of the flow is substi-
tuted into the governing equations (13), the mean part is subtracted,
and the equations are linearized. The resulting linear disturbance
equations have the form

Z0 4 @ )iy = (@3- D

1

+ (@3- V)i — (@7 - V)13 = Evz@ (15a)
V-93=0 (15b)
5)3 =V x l_)z (150)

The mean flow is assumed to have the form [see Eq. (5)]
52(F,1) = [uo (1), 0,01 + { [, (), 0, B (»)]e’™ +CC} (16

The disturbance equations have coefficients that are functions of x
and y only, and thus the solution can be written in the form

v3(x,z,y,1) = uz(x, y)expli(—ot + uz)] + CC  (17)

The exponent u is real and accounts for the spanwise periodicity
of the disturbance field. The exponento is assumed to be complex,
and its imaginary and real parts describe the rate of growth and the
frequency of the disturbances, respectively.

Because the coefficients are periodic in x with periodicity 27 /«,
ity is written, following the Floquet theory,'® as

m =400
i5(x,y) = e iy(x,y) =€ Y G (e (18)

m=—00
where ws is periodic in x with the same periodicity 27 /«. The
first equation follows from the Floquet theory, whereas the second
expresses the Fourier mode decomposition. Our interest is in the

temporal stability theory, and thus § is assumed to be real. The final
form of the disturbance velocity vector is written as

m=+00
By D= Y [870). 8. 8" )]
x exp{i[(§ +ma)x + uz —ot]} + CC (19)

Substitution of Egs. (16) and (19) into the disturbanceequationsand
separation of the Fourier components results, after a rather lengthy
algebra, in the system of linear differential equations governing

g™, g™ ¢in the form

u u

T(”’)[tmgy) - ;Lgfl"”] + ReuDuyg™ = iRe[N(”“g(”” D
+N1571)g;71—1) + NLSM)gimfl) + K15M)gl(lm+l)
R K] 200

(m) (m) _ __ (m) 5(m—1) (m) 5(m—1) (m) 5 (m—1)
S gv - Re[Lu gu +Lw gw +Lv gv

+M;m)gl(lm+l) + M&T)gizﬂHrl) + M'Srn)g'SMJrl)] (20b)

it,8" +ing™ + Dg™ =0 (20¢)
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where the explicitforms of all operators are given in the Appendix.
In the case of disturbancesin the form of streamwise vortices,'° the
x and y componentsof w; in Eq. (18) are real, z componentof ws is
purely imaginary, g{" = g{™™", g™ =g{=™", gim = —g{=™" and
the size of the system decreases by a factor of two.

Effects of flow modificationsas a result of nonuniformsuctionare
containedin the terms on the right-handside of Eqs. (20a) and (20b).
In their absence all modes from the Fourier series [Eq. (19)] de-
couple and Egs. (20) describe the classical (Tollmien-Schlichting),
three-dimensionalinstability. The coupling caused by nonuniform
suction involves only three consecutive terms from the Fourier se-
ries. Equations (20) can be interpretedas representinga perturbation
of the classical (Orr-Sommerfeld) linear stability operator.

Equations (20) are supplemented by the homogeneousboundary
conditions and form an eigenvalue problem whose nontrivial solu-
tion exists only for certain combinations of parameters §, o, and w.
The required dispersion relation has to be determined numerically.

B. Numerical Solution

The problem to be solved is described by an infinite set of cou-
pled linear homogeneous ordinary differential equations (20) with
homogeneous boundary conditions. An approximate solution can
be found by truncating the sum in Egs. (20) after a finite number
of M terms and solving the eigenvalue problem for a two-point
boundary-value problem for 2M + 1 differential equations of type
(20). The success of this approach depends on the rate of conver-
gence of the Fourier series. Results of tests show, for the values of
suction amplitude S of interest in this analysis, that the eigenvalues
can be determined with three digits accuracy with M = 2. Most of
the calculationshave been carried out with M = 3 as a precautionary
measure.

For computational purposes the half-infinite domain y € [0, o0]
is mapped onto a strip Y € [0, 1] using the same exponential trans-
formation Y = exp(—y/yo) that was utilized in the determination
of flow modifications induced by nonuniform wall suction (Sec. II).
The transformedequationsare discretizedby employing the spectral
Chebyshev Tau method.!” A detailed description of this procedure
is omitted from this presentation. The selection of the number of the
Chebyshev polynomials N as well as the transformation constant
Yo required systematic tests. It has been determined that the eigen-
values can be determined with three digits accuracy using N > 80
over the whole range of parameters studied. The appropriate values
of the mapping parameter y, are y, = 16, 15,12, 5 for« = 0.2, 0.3,
0.5, >1.0, respectively.

Part of the testing of the accuracy of the numerical solution
and calibration of the transformation method involved evaluation
of the eigenvalues describing TS waves in a boundary layer without
nonuniformsuction. In such a case the right-handsides of Egs. (20)
become zero, and equations describing mode m =1 can be solved
separately using a modification of the algorithm that takes advan-
tage of the availability of an analytical solution outside the bounday
layer described in Sec. II.

The spectral discretization procedure results in a matrix eigen-
valueproblem Ax = 0, where A(o ) representsthe coefficientmatrix.
This matrix is linearin o, thatis, A= Ay + A 0, where A, = A(0),
A, =A(1) — Ay. The o spectrum is determined by solving a gen-
eral eigenvalue problem in the form Byx = ¢ B;x. In addition, an
approach based on tracing of zeros of the determinant of A using
the Newton-Raphson procedure has beenimplemented for determi-
nation of individual eigenvalues. Two methods for tracing of eigen-
values in the parameter space have been used. In the first method
one alters flow conditions and produces an approximation for the
eigenvalue, which is then improved iteratively by searching for the
near by zero of the determinant using the Newton-Raphson search
procedure. In the second one, the inverse iterations method, one
computes an approximation for the eigenvectorx, correspondingto
the unknown eigenvalue o, using an iterative process in the form
(By —0oB)x"*D = Bx™ where o, and x© are the eigenvalue
and the eigenvector (an eigenpair) corresponding to the unaltered
flow. If o, is the eigenvalue closest to oy, x™ converges to x,.
The eigenvalue oy, is evaluated using formula o, = x Box,/x} B  X,,
where the asterisk denotes complex conjugate transpose. The

inverse iterations method is generally more efficient for eigenvalue
tracing.

IV. Results

We shall begin our discussion by describing changes in the
Falkner-Skan boundary layer induced by periodic suction nonuni-
formities (with zero net mass flux). These changes include flow
modifications induced directly by the suction nonuniformities as
well as changes in the stability properties of the flow. We shall sub-
sequently investigate how the overall properties of the flow can be
affected by adding a uniform suction and, in particular, whether the
uniform suction is an effective tool for flow stabilization when suc-
tion nonuniformitiesare present. Finally, we shall describe behavior
of the flow subject to nonuniform blowing.

A. Boundary Layer Without Uniform Suction (v = 0)

The forms of velocity modifications induced by suction nonuni-
formities are illustratedin Figs. 4 and 5. Results displayedin Fig. 4
demonstrate that the modifications do not change very rapidly as a
function of the Reynolds number. Results shown in Fig. 5 demon-
strate a strong effect of variations of the suction wave number . All
results are normalized with S = 1 for presentation purposes.

The stability analysis is focused on the temporal stability theory
and disturbancescharacterizedby the same spatial periodicityas the
suction nonuniformities. Accordingly, the Floquet exponent d is set
to zero, and the exponent ¢ is assumed to be complex. The rate of
growth of disturbancesis given by Im(o).

It is known that in the case of parallel flow approximation, the
two-dimensional TS waves determine the critical stability condi-
tions. Addition of suction nonuniformities might modify the sta-
bility characteristics either through modification of the properties
of the TS waves or through creation of a new instability. Floryan'®
identified one of such instabilities and provided a preliminary dis-
cussion of its characteristics. This particularinstability gives rise to
disturbancesin the form of streamwise, spatially modulated vortices
[the dominant mode correspondsto m =0 in Eq. (19)] and is com-
pletely attributable to suction nonuniformities. These vortices do
not propagate, that is, Real(o’) = 0. We shall now discuss properties
of this instability in detail.

Figure 6 displays amplifications rates of streamwise vortices in-
duced by suction nonuniformities for Re =10 and 2 x 10, It can
be seen that the instability might occur at flow Reynolds numbers
that are by an order of magnitude smaller then those required to
induce the TS waves (compare Figs. 1 and 6). The values of the
Reynolds numbers and suction amplitudes required to induce this
instability are very similar to those required to induce the same in-
stability in boundary layers without pressure gradient.!'* It can be
seen that there is a finite band of suction wave numbers « that gives
rise to the instability, and that this band is bounded from below
and from above. Each wave number « gives rise to a finite band of
unstable vortex wave numbers . This band is also bounded from
above and from below. The amplification rate of the vortices and the
range of the unstable wave numbers p increases with an increase of
the Reynolds number. The maximum amplification rate shifts at the

2

Fig. 6 Amplifications rates Im(o ) as a function of the spanwise wave
number p for disturbances in the form of streamwise vortices. The
amplitude S of the suction nonuniformitiesis S =0.006; - - - and —,
Re=10 and 2 X 103, respectively. The results presented are for the
Falkner-Skan boundary layer with 3=5.0 and « =0.
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Fig. 7 Amplification rates Im(o) as a function of the amplitude S
of suction nonuniformities for the constant flow Reynolds number Re
(- - -) and as a function of the flow Reynolds number Re for the constant
amplitude of the suction nonuniformities (——). The results displayed
are for the streamwise vortices with ;1=1.0 and a=0.8 and for the
Falkner-Skan boundary layer with 3=5 and v =0.

Fig. 8 Amplification rates Im(o) as a function of the flow Reynolds
number Re for different levels of suction Reynolds number Res. The
results displayed are for the streamwise vortices with 1 =1.0and o =0.8
and for the Falkner-Skan boundary layer with 3=5 and « =0.

same time toward the higher suction wave numbers «. The increase
of the amplification with Reynolds number and suction amplitude
is vividly illustratedin Fig. 7, which displays variations of Im(c') as
functions of both Re and S.

The strength of suction nonuniformities can also be measured
using a suction Reynolds number defined as Re; =S x Re rather
than suction amplitude S. Figure 8 displays variations of the ampli-
fication rate as a function of Reynolds number for fixed values of
Re,. It can be seen that a general criterion which guarantees flow
stability can be formulated using Re,. In the range of parameters
studied, the suction will not induce streamwise vortices as long as
Re;, $3.7.

We shall now discuss properties of TS waves in the presence
of suction nonuniformities. The analysis is limited to those TS
waves having the same periodicity in the streamwise direction as
the suction nonuniformity. Figure 9 displays amplification rates of
oblique TS waves computed for various suction amplitudes S. It can
be seen that in the range of suction amplitudes S studied the two-
dimensional TS waves remain most unstable only if S is sufficiently
small. An increase of the amplitude of the nonuniformities above
S ~0.0005 leads to the appearance of a band of oblique waves that
have higher amplification rates then the two-dimensional waves. As
illustrated in Fig. 10, an initial increase of suction nonuniformity
amplitude, as measured by the suction Reynolds number Re, leads
to a destabilizationof the two-dimensional TS waves, whereas a fur-
ther increase leads to their stabilization. The maximum reduction of
the critical Reynolds number for such waves is of the order of 10%
of its value correspondingto the case of no suction nonuniformities.

B. Boundary Layer with Nonzero Average Suction/Blowing
(v=-0.4,+0.4)

The resultsdiscussedin Sec. IV.A show that suction nonuniformi-
ties can induce a new instability in the form of streamwise vortices,

Fig.9 Amplification rates Im(o ) for the oblique TS waves as a function
of the spanwise wave number p for different values of the amplitude of
suction nonuniformities S; - - - and ——, Re =2.5 X 10* and 4 x 10%,
respectively. The results are displayed for o =0.17, which corresponds
approximately to the critical TS wave number in the absence of suction
nonuniformities. The results are for the Falkner-Skan boundary layer
with 3=5and v=0.

0 T
15000 20000 25(I)OO 30000
Re

Fig. 10 Amplification rates Im(o) of the two-dimensional TS wave
with a=0.17 as a function of the flow Reynolds number Re for different
values of the suction Reynolds number Re;. The results presented are
for the Falkner-Skan boundary layer with 3=5 and v =0.

whereas they have a rather insignificant effect on the TS waves. Be-
cause this instability can occur at values of Reynolds number that
are by an order of magnitude smaller then those required to induce
the TS waves, it is of interest to determine 1) whether the new in-
stability can be eliminated through an increase of the average level
of the suction and 2) how big the average suction should be in order
to stabilize the flow completely. One can address the question of the
effect of surface blowing as a part of the same analysis. Both issues
shall be addressed by studying the stability of the Falkner-Skan
boundary layer with suction/blowing corresponding to y =—0.4,
+0.4. Such values of the suction parameter representa fairly strong
suction/blowing and thus permit identification of any effects of the
average suction/blowing if such an effect exists. Although the suc-
tion/blowing corresponding to y = const does not correspond to a
constant suction, the rate of suction variations in the streamwise
direction is similar to the rate of boundary-layer growth and thus
can be neglected in the analysis.

The results displayed in Fig. 3 demonstrate that variations in
the form of the mean velocity profile u,(y) as a function of the
suction parameter y are fairly small. Results displayed in Fig. 11
demonstrate that changes of the flow modifications induced by the
suction nonuniformitiesas a function of the suction parameter y are
also fairly small.

Figure 12 displays amplification rates for the streamwise vor-
tices induced by suction nonuniformities for three levels of
suction/blowing (that is, for y =—0.4, 0, +0.4). It can be seen
that the addition of net suction/blowing has a rather small effect
on the stability characteristics: the range of unstable suction wave
numbers, the range of the wave numbers of the resulting vortices,
the amplification rates of the vortices as well as the wave number of
the most amplified vortex change very little in response to a rather
significant change in the level of uniform suction. Figure 13 illus-
trates the effects of variations of the flow Reynolds number and
the amplitude of suction nonuniformitieson the amplifications rates
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Fig.11 Variation of the flow modifications induced by periodic suction
with the wave number o =0.8 for the Reynolds number Re =103 as a
function of the suction parameter ~: a) it;(y) and b) 9;(y). The results
presented are for the Falkner-Skan boundarylayer with 3 =5; —— and
- - -, imaginary and real parts, respectively. All results are normalized
with S=1.
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Fig.12 Amplifications rates Im(o’) as a function of the spanwise wave
number u for disturbances in the form of streamwise vortices induced
by the suction nonuniformities with the wave number o = 0.8 and with
the amplitude S = 0.006 for three levels of uniform suction (that is, for
~v==04,0, +0.4); --- and —, Re =107 and 2 X 103, respectively.
The results presented are for the Falkner-Skan boundary layer with

B=5.

of the vortices for the same three levels of suction/blowing. It can
be seen that in the range of parameters studied rather significant
changes in the average suction/blowing have a very small effect on
the amplification rates of the vortices. In all cases studied, the am-
plification rates increase almost linearly as a function of S and Re.
The results displayed in Fig. 14 demonstrate further that the flow
can be kept stable as long as Re; < 3.7 regardless of the magnitude
of the average suction/blowing. It can be concluded that suction is
not particularly helpful in elimination of the vortices, similar to the
case of crossflow problems.

The results displayed in Fig. 15 demonstrate again that the re-
sponse of TS waves to the presence of suction nonuniformities is
not significantly altered by changes in the average level of suc-
tion/blowing. The amplification rates decrease by at most a factor
of two when strong blowing (y = 0.4) is replaced by strong suction

0
2000 2500

Fig. 13 Amplification rates Im(o) as a function of the amplitude S of
the suction nonuniformities for the flow Reynolds number Re =2 x 103
(- - -) and as a function of the flow Reynolds number Re for the suction
amplitude S =0.0025 (——) for three levels of uniform suction (that
is, for v=— 0.4, 0, +0.4). The results displayed are for the streamwise
vortices with 11 =1.0 and a=0.8 and for the Falkner-Skan boundary
layer with 3 =5.

Fig. 14 Amplification rates Im(o) as a function of the flow Reynolds
number Re for different levels of suction Reynolds number Re;. The re-
sults displayed are for the streamwise vortices with 1 =1.0 and a=0.8
for three levels of uniform suction [that is, for v=—0.4 (----), 0.0
(——) and +0.4 (- - -)]. The results presented are for the Falkner-Skan
boundary layer with 3=5.

Fig. 15 Amplification rates Im(o ) for the oblique TS waves as a func-
tion of the spanwise wave number  for different values of the amplitude
S of the suction nonuniformitiesfor Re = 2.5 x 10* for the Falkner-Skan
boundary layer with 3=5; - -- and —, v=— 0.4 and +0.4, respec-
tively. The results displayed are for a =0.169 in the former case and
for ¢ =0.172 in the latter case, where each wave number corresponds
approximately to the critical TS wave in the absence of suction nonuni-
formities.

(y =—0.4). There exists a band of oblique waves with amplification
rates higher than the two-dimensional waves if the suction ampli-
tude is high enough. This dominance of the oblique waves over
two-dimensional waves increases with an increasing level of suc-
tion. The results displayedin Fig. 16 demonstrate that the maximum
reduction of the critical Reynolds number that can be induced by
suction non-uniformitiesin the range of parameters studied is of the
order of 10% of its value corresponding to the case of no suction
nonuniformities.

The presentanalysiscan be extendedto three-dimensionalbound-
ary layers, such as those found on swept wings. It is difficult to pre-
dict whether the dominant response of such flow will have a form



858 ROBERTS AND FLORYAN

0 T T
15000 20000 25000 30000
Re

Fig. 16 Amplification rates Im(o’) of the two-dimensional TS wave as
a function of the flow Reynolds number Re for different values of the
suction Reynolds number Reg for the Falkner-Skan boundary layer
with 3=5; - - - and ——, v =— 0.4 and +0.4, respectively. The results
displayed are for a=0.169 in the former case and for a=0.172 in the
latter case, where each wave number corresponds approximately to the
critical TS wave in the absence of suction nonuniformities.

similar to vortices found in the present study, or, perhaps, it will
assume the form similar to the crossflow vortices. This question
deserves further investigation.

V. Summary

Stability of accelerated boundary layers modified by a nonuni-
form surface suctionhas been considered. The boundary layers have
been represented as the Falkner-Skan flows with pressure param-
eter B =5. The arbitrary suction distribution has been represented
in terms of Fourier series. Detailed calculations have been carried
outin the case of suction distributions described by a single Fourier
mode corresponding to a cosine function in the streamwise direc-
tion, with the amplitude and wave number of this functionbeing the
only parameters.

The available results show that two types of instability are pos-
sible. The first one involves the classical, traveling (Tollmien-
Schlichting) waves whose amplifications rates are slightly modified
by the presence of suction nonuniformities. It is shown that oblique
waves become dominant for sufficiently high suction amplitudes.
This result has significant consequencies for prediction of the tran-
sition location as such waves are routinely neglected on the basis of
Squire’s theorem.

The second instability is new and involves streamwise vortices
that arise only because of the presence of the nonuniformities. This
instability occurs at Reynolds numbers thatare of an order of magni-
tude smaller that those required to induce the TS waves. This result
is important for the design of laminar airfoils because the acceler-
ated boundary layers are typically considered as being very stable.
Present results show that the vortex instability occurs in the accel-
erated boundary layers under similar conditions as in the constant-
pressure boundary layers. It is this instability that is expected to
dominate the evolution of such boundary layers in the presence of
suction nonuniformities.

The vortex instability can be induced by a finite band of suction
wave numbers. Each particular suction wave number gives rise to a
finite band of vortex (spanwise) wave numbers. The strength of the
instabilityincreasesalmostlinearly with the amplitude of the suction
nonuniformitiesand the flow Reynolds number. The instability does
not occur in the range of parameters studied if the suction Reynolds
number is Re; < 3.7.

Application of a uniform suction has a negligible effect on the
vortices. The available results show that if the suction-induced vor-
tices do appear they cannot be eliminated by simply increasing the
average level of suction. This has consequences for the design of
transition control system utilizing surface suction. If the suction
nonuniformities associated with such systems are higher then the
critical threshold leading to the appearance of the vortices, the flow
cannot be stabilized by a simple increase of the average suction.

Nonuniformitiesin surface blowing can induce an instability sim-
ilar to the one induced by the surface suction. The characteristicsof

this instability are very similar to the characteristics of the suction-
induced instability.

Appendix: Operator Definitions
Operators used in Egs. (20) are

=—, ty =8+ ma, K2 =12 +u?

T™ = D> — k2 — iRe(t,uo — o)
S = (D —k2)" = iRe(tug — 0)(D* — k2) + iRe 1, D*uy

N;m):—ﬂtmﬁl-f—l.ﬂﬁlD, Né}m):(tli—atm)ﬁl—l.tmﬁlD

N =iuDi,, K™ = p(—t,a7 +id; D)

2 A . A . A
KM = (tm +atm)u*l‘ —it,, 0D, K™ =iuDi;

L = =12 Dity + ik}, d; + t,,(—t,it; + iDd,) D + it, 0, D*
L = p[—t,Dit, +aDi, + (—t,i, +ai, +iD0,)D +i0,D?|
L™ = it, D%, + k2 Dby + it, k2, + (it, Dity + k25,) D
M = —2 Dt} — iak? 0} + t,,(—t, 01} + i DA}) D + it, 0} D*
M = p[—t, Dit; — a Dt} + (—t,4} —ad} +iD0;) D +iv; D?]
M = it, D*it + k2 DO} + it,, o k207 + (it,, Dt + k257D

In the preceding equations asterisks denote complex conjugate.
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